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Surface Effects on the Near-Tip
Stresses for Mode-I and
Mode-III Cracks
Based on the surface elasticity theory and using a local asymptotic approach, we ana-
lyzed the influences of surface energy on the stress distributions near a blunt crack tip.
The dependence relationship of the crack-tip stresses on surface elastic parameters is
obtained for both mode-I and mode-III cracks. It is found that when the curvature radius
of a crack front decreases to nanometers, surface energy significantly affects the stress
intensities near the crack tip. Using a kind of surface elements, we also performed finite
element simulations to examine the surface effects on the near-tip stresses. The obtained
analytical solution agrees well with the numerical results. �DOI: 10.1115/1.2712233�
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Introduction
Analysis of deformations and stresses at crack tips is a funda-
ental issue for understanding the failure behavior of engineering
aterials and structures. At macroscopic scale, the crack front

rofile is usually considered to be infinitely sharp, and the corre-
ponding elastic and elastic-plastic crack-tip fields have been well
stablished in the classical fracture mechanics. In physical nature,
owever, most crack tips are not ideally sharp but blunt with a
nite curvature radius, e.g., on the order of microns or nanom-
ters. First, only when the spacing between the two surfaces of a
rack is larger enough beyond some physical limits �e.g., the cut-
ff radius of Lennard-Jones potential�, are the surfaces free from
tomic interaction. Second, the atoms near a crack tip experience
local environment different from those in the bulk, and their

endency to minimize the system free energy may also cause
lunting of the crack tip.

Atomic simulation is very powerful in pursuing the details of
eformations and evolution processes at nanoscale, and has been
mployed to investigate fracture problems �1–4�. Through mas-
ively parallel atomistic simulations, Buehler and Gao �1� and
uehler et al. �2� reported the dynamical fracture instabilities due

o local hyperelasticity at crack tips. Abraham et al. �4� developed
concurrent multiscale method spanning the continuum to quan-

um length scales to study brittle fracture problems.
Recently, continuum mechanics models of surface elasticity

ave also been adopted to explore the features of mechanical de-
ormations at nanoscale by incorporating the effects of surface/
nterface energy �5–9�. The generic and mathematical formulation
f surface elasticity theory was presented by Gurtin and Murdoch
10� and Gurtin et al. �11�, in which a surface is regarded as a
wo-dimensional membrane adhered to the bulk without slipping.
xperiments on some elementary deformation modes, such as
niaxial stretching of plates, bending of beams, and torsion of
ars, showed that the predictions from the surface elasticity theory
grees well with the results from directly atomic simulations �5,6�.
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Therefore, the surface elasticity theory has been employed to elu-
cidate many size-dependent phenomena at nanoscale, for ex-
amples, the deformation around a spherical nanoinhomogeneity
�7�, the effective modulus of elastic solid with nanocavities
�12,13� and nanoinclusions �14,15�. In addition, based on the
analysis for an elliptic void, Wu �16� addressed the effect of sur-
face stress on the deformation of a crack, in which only the con-
stant residual surface stress is considered.

Through the embedded atom method, Hoagland et al. �17� ex-
amined the deformation field near a crack tip. They found that the
stresses calculated from atomic models are in a good agreement
with the predictions of linear elastic fracture mechanics except in
a small vicinity of the crack tip, where the effects of surface
energy should be accounted for. Therefore, local analysis near a
crack tip may capture the key features of surface effects on crack
tip fields. Creager and Paris �18� and Smith �19� investigated the
stress distributions near the tip of a blunt crack in the light of
classical elastic theory. In the present paper, we will use Gurtin’s
surface elasticity theory to examine the surface effects on the
deformations and stresses in the immediate vicinity of a blunt
crack tip.

The paper is organized as follows. The basic equations of Gur-
tin’s surface elasticity theory are reviewed briefly in Sec. 2. In
Secs. 3 and 4, the stress distributions near the tips of mode-III and
mode-I cracks are determined through a local approach. In Sec. 5,
the obtained theoretical results are compared to our finite element
simulations with surface effects.

2 Basic Equations of Surface Elasticity
In Gurtin’s surface elasticity theory �11�, a surface is regarded

as an elastic but negligibly thin membrane, which is adhered to
the underlying bulk material without slipping and has elastic con-
stants different from the bulk. The surface stress tensor is a func-
tion of the surface strain tensor, which depends on the deforma-
tion of the bulk material. The equilibrium and constitutive
equations in the bulk of the material are the same as those in the
classical theory of elasticity, but the presence of surface stress
gives rise to a nonclassical boundary condition. Only several basic
equations of the surface elasticity theory are reviewed here. For its
detailed mathematical formulation, the reader may refer to Gurtin

and Murdoch �10� and Gurtin et al. �11�.
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In the absence of body forces, the equilibrium equations and the
sotropic constitutive relations in the bulk read

�ij,j = 0 �1�

�ij = 2G�ij + ��kk�ij �2�

here G and � are the Lame constants, �ij and �ij are the stress
ensor and strain tensor in the bulk material, respectively. The
train tensor is related to the displacement vector ui by

�ij = 1
2 �ui,j + uj,i� �3�

hroughout the paper, Einstein’s summation convention is
dopted for all repeated Latin indices �1, 2, 3� and Greek indices
1, 2�.

Assume that the surface adheres perfectly to the bulk material
ithout slipping. The equilibrium conditions on the surface are
btained as

t� + ���,�
s = 0, �ijninj = ���

s ��� �4�

here ni denotes the outward normal vector to the surface, t� is
he negative of the tangential component of the traction ti=�ijnj
long the �i direction of surface, ��� is the surface curvature
ensor.

The surface stress tensor ���
s is related to the surface energy

ensity ������ by

���
s = 	0��� +

��

����

�5�

here ��� is the Kronecker �, ��� the second-rank tensor of sur-
ace strains, and 	0 the residual surface tension under unstrained
ondition. For an isotropic surface, the surface stresses are given
y

���
s = 	0��� + 2�
s − 	0������� + ��s + 	0������� �6�

here 
s and �s are surface elastic constants.

Near-Tip Deformation for Mode-III Crack
Now we consider the deformation near a two-dimensional crack

ip, which has an initially blunt shape of curvature radius �. Refer
o a Cartesian coordinate system �x ,y� and a polar coordinate
ystem �r ,�, as shown in Fig. 1. The origin of the coordinate
ystems is located at the curvature center of the crack tip, and the
-axis is normal to the x-y plane.

For mode-III problems, the only nonvanishing displacement w
long z-axis satisfies the Laplace’s equation

�2w

�x2 +
�2w

�y2 = 0 �7�

he displacement w can be given by an analytical function F�z� of

Fig. 1 A blunt crack with a finite curvature radius at its tip
=x+yi as
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Gw = Re�F�z�� �8�
and the stress components are expressed as

�r3 − i�3 = exp�i�
dF

dz
�9�

As it has been found from atomic simulations �17�, the influ-
ence of surface energy is localized near the crack tip. Therefore,
we use a local analysis to focus on an immediate vicinity of the
crack tip for �z−����. Hereby, F�z� can be expressed in power
series of �z−�� as

F�z� = a0 + ib0 + �a1 + ib1��z − �� + �a2 + ib2��z − ��2 + o��z − ��2�
�10�

where a0, b0, a1, b1, a2, and b2 are real constants. Then to the first
order of �z−��, the stresses are given from Eqs. �9� and �10� as

�r3 = a1 cos  − b1 sin  + 2r�a2 cos 2 − b2 sin 2� − 2��a2 cos 

− b2 sin �

�3 = − �b1 cos  + a1 sin � − 2r�b2 cos 2 + a2 sin 2�

+ 2��b2 cos  + a2 sin � �11�
The corresponding nonvanishing strain components are

�r3 = �3r =
�r3

2G
, �3 = �3 =

�3

2G
�12�

Then one obtains the surface stress components on the crack sur-
face

�3
s = �3

s = 2Gs�3, �33
s = �

s = 	0 �13�

with Gs=
s−	0.
On the crack surface near the tip �r=��, the surface boundary

condition in Eq. �4� reduces to

�r3 = −
��3

s

r�
�14�

Substitution of Eqs. �11�–�13� into Eq. �14� leads to

a1 cos  − b1 sin  + 2��a2 cos 2 − b2 sin 2� − 2��a2 cos 

− b2 sin �

= −
Gs

G�
�b1 sin  − a1 cos  + 4��b2 sin 2 − a2 cos 2�

+ 2��a2 cos  − b2 sin �� �15�

For a small value of  near the crack tip, we expand Eq. �15� in
terms of  up to the square order; that is,

a1 − �b1 + 2�b2� − 2�a1

2
+ 3�a2	

=
Gs

G�

2�a2 + a1 − �b1 + 6�b2� − 2�a1

2
+ 7�a2	� �16�

Comparing the factors of 1,  and 2 at the two sides of Eq. �16�
gives

a1 = a2 = 0, b2 = −
b1

2�
� �G − Gs

�G − 3Gs	 �17�

Then the shear stress at the crack tip �r=�, =0� is obtained as

�3
p = �3��,0� = − b1 �18�

If no effect of surface elasticity is considered, Eq. �18� should
reduce to the solution of classical linear elasticity. Therefore, the
parameter b1 can be determined from the linear elastic fracture
mechanics. Since the surface constants do not appear in Eq. �18�,
surface energy does not affect the stresses at the tip of a mode-III

crack.
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However, at a distance t ahead of the crack tip �r=�+ t, =0�,
he shear stress is given by

�3

�3
p = 1 −

t

�
k �19�

ith k= ��G−Gs� / ��G−3Gs�.
Equation �19� clearly demonstrates that the stress depends not

nly on t, �, and �3
p but also on the surface constant Gs. Its last

erm stands for the relative influence of surface elasticity on the
tress. For metals, Gs /G is usually on the order of nanometers
5,7,12�. Therefore, it is only when the curvature radius � is of the
rder of nanometers that the effects of surface energy become
ignificant. For a very blunt crack ���Gs /G�, k→1 and the result
educes to that of classical elasticity analysis �19�. For a very
harp crack ���Gs /G and k→1 /3�, however, the solution in Eq.
19� is different distinctly from that of classical elasticity.

Near-Tip Deformation for Mode-I Crack
Then we consider the deformation near the tip of a mode-I

rack under plane-strain conditions. In this case, � is the only
onzero surface strain on the crack surface, and the surface stress


s is given by

�
s = 	0 + Es� �20�

ith Es=2
s+�s−	0 being the surface elastic modulus.
On the crack surface near the tip, the surface boundary condi-

ions in Eq. �4� are simplified as

�rr =
�

�s�

�
, �r = −

��
�s�

��
�21�

According to the complex variable formulation �20�, the
tresses in the bulk can be expressed by two analytic functions
�z� and ��z� of z=x+iy as

�rr + � = 2���z� + ��z�� ,

� − �rr + 2i�r = 2�z̄���z� + ��z��exp�2i� �22�
ecause of the special significance of the stress values at the crack

ip for the initiation of fracture, we are concerned mainly with the
urface elasticity effects on the stress strength in the immediate
icinity of the crack tip ��z−�����. The analytic functions ��z�
nd ��z� can be expressed in the form of power series as

��z� = �a0 + ib0� + �a1 + ib1��z − �� + �a2 + ib2��z − ��2 + o��z

− ��2�

��z� = �c0 + id0� + �c1 + id1��z − �� + o��z − ��� �23�

here a0, b0, a1, b1, a2, b2, c0, d0, c1, and d1 are all real constants.
ubstituting Eq. �23� into �22� leads to the following expressions
f stress components to the first order of �z−��:

�rr + � = 2�2a0 + �a1 + ib1��z − �� + �a1 − ib1��z̄ − ���

� − �rr + 2i�r = 2 exp�2i��z̄�a1 + ib1 + 2�a2 + ib2��z − ��� + c0

+ id0 + �c1 + id1��z − ��� �24�

n the crack surface z=� exp�i�, the stress components are ex-
ressed as

�rr = 2a0 − 2�a1 + �a1 cos  − �b1 sin  − c0 cos 2 + d0 sin 2

− 2�2a2�cos 2 − cos � + 2�2b2�sin 2 − sin � − �c1�cos 3

− cos 2� + �d1�sin 3 − sin 2�

�r = �a1 sin  + �b1 cos  + d0 cos 2 + c0 sin 2 + 2�2a2�sin 2

− sin � + 2�2b2�cos 2 − cos � + �d1�cos 3 − cos 2�
+ �c1�sin 3 − sin 2�

ournal of Applied Mechanics
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� = 2a0 + �3 cos  − 2��a1 − 3�b1 sin  + c0 cos 2 − d0 sin 2

+ 2�2a2�cos 2 − cos � − 2�2b2�sin 2 − sin � + �c1�cos 3

− cos 2� − �d1�sin 3 − sin 2�

�zz = ���rr + �� �25�

For the considered plane-strain problem, the strain � is given by

� =
1

2G
��1 − ��� − ��rr� �26�

where � is the Poisson’s ratio.
From Eqs. �25�, �26�, and �20�, one can obtain the surface stress

�
s on the crack surface. Analogously to the derivation in Sec. 3,

we substitute the stresses and surface stress into the boundary
conditions in Eq. �21�, expand the relations in terms of  up to the
square order and compare the coefficients of 1, , and 2. Then the
constants a1, b1, a2, b2, c1, and d1 are obtained in terms of a0, b0,
c0, and d0 as

a1 =
2a0 − c0 − 	0/� − 2a0� + 4��a0 − �c0

�� + 1��

b1 =
1 + �

3� − 4�� − 1
�d0

�
	

c1 = �4a0 − c0 + �32�2a0 − 8�c0 + 7c0 + 12a0 − 40�a0��2 + �6c0

− 8�c0 − 16a0 + 24�a0�� + �6� − 8�� − 2�	0/��/��1 + ��2��

d1 = �1 − 2�

1 − 6�
	�3d0

�
	

a2 = 3�− 2a0 + �1 + 4�� − 3��	0/� − 12��a0 − 4�c0 + 8�a0 − 6a0

+ 4��c0 + �20�a0 − 16�2a0 + 4�c0 − 4c0 − 6a0��2�/�2�1

+ ��2�2�

b2 = �4� − 1

1 − 6�
	�3d0

�2 	 �27�

where the nondimensional parameter �=Es / �2G�� signifies the
surface effects.

Then the stresses at the crack tip �r=� ,=0� are determined as

�yy
p = �yy

0 �1 + ��

1 + �
	 −

	0

�1 + ���

�xy
p =

4d0��� − 1�
1 − 3� + 4��

�xx
p = �yy

0 ��1 − ��
1 + �

+
	0

�1 + ���
�28�

where �yy
0 =4a0 stands for the stress �yy�� ,0� at the crack tip

without surface effects. It is seen from Eq. �28� that the surface
energy significantly alters the near-tip stresses, which rely on the
surface constants and the curvature radius of the crack tip.

Equation �28� should reduce to the solution of classical linear
elastic fracture mechanics if the effect of surface elasticity is ne-
glected �i.e., �=0 and 	0=0�. Therefore, the parameters a0 and d0
can be determined from the well-known K-field solution of linear
elasticity. From the solution for a blunt mode-I crack �18�, it is
obtained �yy

0 =4a0=2KI /��� and d0=0, where KI is the stress
intensity factor in the far field.

For �=0 and 	0�0, Eq. �28� reduces to �yy
p /�yy

0 =1
−	0 / ��yy

0 ��. The contribution from surface energy is completely
determined by the residual surface stress and the root radius. For

0 0 p 0
a very blunt crack ���	 /�yy�, �yy /�yy→1 and then the influ-
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nce of surface energy is negligible. But for a very sharp crack
�	0 /�yy

0 �, the contribution from surface energy should be taken
nto account. For a mode-I crack, the variation of �yy

p /�yy
0 with

espect to the curvature radius of the crack tip is shown in Fig. 2,
here lt=	0 /�yy

0 . The curvature radius not only affects the mag-
itude of stress, but changes its deformation state from stretching
o compression. A positive residual surface stress in front of a

ode-I crack may postpone its propagation and therefore en-
ances the fracture toughness of the material. But a negative re-
idual surface stress will lower the fracture toughness of the ma-
erial. These conclusions are in qualitative agreement with those
n Wu �16�, where the stress intensity factor is analyzed using the
ssumption of constant surface stress.

For 	0=0 and ��0, Eq. �28� simplifies to �yy
p /�yy

0 = �1
��� / �1+��. For metals, ls=Es / �2G� is usually on the order of
anometers �5,7,12�. Therefore, it is seen from Eq. �28� and �
ls /� that only when the curvature radius at the crack tip reduces

o nanometers do the surface effects become significant. For a
ery blunt crack ��� ls�, �→0 and �yy

p /�yy
0 →1, whereas for a

ery sharp crack ��� ls�, �→� and �yy
p /�yy

0 →�. With the de-
rease in the crack root curvature radius, the stress ratio �yy

p /�yy
0

educes continuously from 1 to �, as shown in Fig. 3.

Finite Element Formulation of Surface Elasticity
To examine the accuracy of the analytical solution in Eq. �28�,

e also carried out finite element simulations to calculate the
tress distributions near the crack tip. The surface element devel-
ped recently by Gao et al. �13� is used to account for the effects
f surface elasticity.

ig. 2 Variation of �yy
p /�yy

0 with respect to the curvature radius
or �=0

ig. 3 Variation of �yy
p /�yy

0 with respect to the curvature radius
0
or � =0
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The total potential energy � in the surface elasticity theory
consists of three parts, the bulk elastic energy Ub, the surface
elastic energy Us, and the work of external force W, i.e.,

� = Ub + Us − W �29�

Ub and W can be calculated from the bulk elements as in the
classical elasticity.

For elements on surfaces or interfaces, we incorporate the in-
fluence of surface energy. The surface energy for each surface
element is given by �13�

Us =�
�

� ��s�Td��s�d� �30�

where � is the area of surface element, ��s� and ��s� are the
surface stress matrix and the surface strain matrix, respectively.
Substituting Eq. �5� into Eq. �30�, the surface energy is rewritten
as

Us =
1

2�
�

��s�T�S���s�d� +�
�

��s�T�F�d� �31�

where �S� and �F� stand for the surface elastic matrix and residual
surface stress matrix, respectively. For a surface adhered perfectly
to the bulk, the surface strains of a surface element can be deter-
mined by its adjacent bulk element via the relation

��s� = �Bs���e� �32�

where �Bs� is the strain-displacement matrix of the surface ele-
ment, and ��e� the nodal displacement matrix of bulk element.
Therefore, the surface energy can be expressed as

Us = 1
2 ��e�T�Ke

s���e� + ��e�T�Pe
s� �33�

where �Ke
s� and �Pe

s� are the surface stiffness matrix and the sur-
face residual stress matrix, respectively. They are defined as

�Ke
s� =�

�

�Bs�T�S��Bs�d� �34�

�Pe
s� =�

�

�Bs�T�F�d� �35�

According to the principle of minimum potential energy, the
relationships between the nodal displacements and the nodal
forces read

��Ke� + �Ke
s����e� = �Pe� − �Pe

s� �36�

for surface elements, and

�Ke���e� = �Pe� �37�

for bulk elements, respectively, where �Ke� is the stiffness matrix,
and �Pe� is the nodal force matrix of bulk elements.

The above finite element method is adopted here to investigate
the deformation near a blunted crack tip with the effect of surface
energy. In our calculations, the front tip of a semi-infinity crack is
assumed to have the shape of a circular arc, and we take the
following surface constants of aluminum �7�: �s=6.842 N /m,

s=−0.3755 N /m, and 	0=0.

Our numerical simulations show that the stress distributions
with surface elasticity effects have a good agreement with the
predictions of linear elastic fracture mechanics except in a small
vicinity of the crack tip, where the surface energy has a significant
influence. Similar results were also obtained directly from atomic
simulation �17�. The calculated circumferential stress �yy

p in Eq.
�28� at the crack tip normalized by �yy

0 is plotted in Fig. 3 as a
function of the root curvature radius �. It is seen that the analytical

solution and the numerical result for the stresses at the crack tip
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gree reasonably well. Therefore, the local analysis adopted in the
resent paper can capture the most prominent features of surface
ffects on the near-tip stresses and deformations.

Conclusions
In the present paper, we adopt an asymptotic method to inves-

igate the effects of surface energy on the stresses near a crack tip
ith finite root radius. The analytical relations between the sur-

ace constants and the stresses at the crack tip are obtained. The
esults show that only when the curvature radius at the crack tip
educes to nanometers do the surface effects become significant.
or mode-III cracks, surface energy does not affect the stresses at
rack tips, while it does influence the stresses at a small distance
head of the crack tip. For mode-I cracks, the surface energy
vidently alters the stress magnitudes at the crack tips. The ob-
ained analytical solution agrees reasonable well with the results
f our finite element numerical simulations, in which the effects of
urface energy have been incorporated. This study might be help-
ul for understanding some size-dependent fracture phenomena,
specially for micro- or nanosized devices and systems.
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